JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 21, No. 2, March-April 1998

Euler-g Algorithm for Attitude Determination
from Vector Observations

Daniele Mortari
University of Rome “La Sapienza,” Rome 00138, Italy

A new cost function for optimal attitude definition and the Euler-¢g algorithm based on this cost function are
presented. The optimality criterion is derived from the Euler axis rotational property and allows a fast and reliable
computation of the optimal eigenaxis. The mathematical procedure leads to the eigenanalysisof a 3 X 3 symmetric
matrix whose eigenvector, associated with the smallest eigenvalue, is the optimal Euler axis. This eigenvector is
evaluated by a simple cross vector, and the singularity is avoided using the method of sequential rotations. The
rotational error is then analyzed and defined, and an accuracy comparison test is performed between a previously
accepted criterion of optimal attitude and the proposed one. Results show that the earlier definition of optimality

is slightly more precise than Euler-g, which, in turn, demonstrates a clear gain in computational speed.

Nomenclature

estimation and true attitude matrix (direction-cosine

matrix)

= attitude data matrix and vector

= Euler axis (eigenaxis, principal axis) and Euler angle
(principal angle)

,G  =loss and gain functions, respectively

= true direction of the observed s (unit vector)

observed and referenced directions (unit vector)

relative precision of attitude sensor

precision of attitude sensor, deg

precision of (v-s) direction, deg

= eigenvalue, Lagrangian multiplier

= relative precision of (v-s) direction
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Introduction

HE estimation of the orientation of a spacecraft body system

(SBS) with respectto anotherreference system such as an iner-
tial reference system (IRS), that is, the estimation of the spacecraft’s
attitude, is an importanttask of spacecraftnavigation,dynamics,and
control problems. This task, which has to be executed in the fastest
and most precise manner, is often accomplished using the informa-
tion of the n unit vectors s;, observed by the attitude sensors in the
SBS, and the same directions evaluated by proper codes in the IRS,
that is, the v; unit vectors.

In the SBS the unit vectory; is represented by the unit vector Av;,
where A is the unknown attitude matrix (to be computed) estimating
the spacecraft orientation, which can be expressed in terms of the
Euler axis e and the Euler angle & by

A=1Icos® + (1 —cos D)ee’ — &sind 1)

where I and e represent, respectively, the 3 x 3 identity matrix and
the 3 x 3 skew-symmetric matrix performing the cross product. Let
B, be the precision of the ith sensor. This means that the true direc-
tion S; can be displaced from the observed s; by an angle smaller
than g;. The sensor relative precisions «; are derived from the §; as
follows:

1
S SRS

As is easily observed, the relative precisions ¢; are positive, less
than the unit, and greater to the extent to which the sensors are more
accurate and satisfy the relative condition

n
P

i=1

2)

The optimal attitude estimation problem, which is known as the
Wahba problem, means to estimate the spacecraft attitude by satis-
fying an optimality criterion and using the n > 2 unit vectors pairs
(si,v;). Up to now the optimality criterion,! originally introduced
by Wahba in 1965 and then completed by including the weights «;
as well as the % multiplier, defines as optimal the attitude matrix A
that minimizes the loss function

1 n n
Lyd)= > ;ai Is; — Avill* =1 - ;aiszvi 3)
Equivalently, optimality is reached when the gain function

Gw@A)=1-LyA) = Z(xisl.TAvi = tr[AB"] 4)

i=1
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is maximal, where B has the form

B= Xn:aisivf 5)

Now, substituting for the attitude matrix its expression given by
Eq. (1), the general expressionof the Wahba gain functionexpressed
in terms of the Euler axis and angle becomes

Gy (e, ®) = cos®tr[B] + (1 — cos®)e’ Be + sin dz’e  (6)

where the vector
z= E o;S; Xp;
i

whichindicates the nonsymmetricityof B, can be directly expressed
using the off-diagonal elements of B as z = {by3 — b3, b3; — b3,
b1, — by }T. All of the existing algorithms, which fully comply with
Wahba’s optimality criterion of Egs. (3) and (4), achieve the same
accuracy. Thus, those algorithms, e.g., g-Method,” QUEST,* SVD,*
Direct-Method? EAA,® Euler-2, TRIAD-2, and Euler-n (Ref. 7),
differ from each other only in their computational speed. Particular
attention was therefore given to the development of faster attitude
determinationtechniques,mainly becausean increaseof the compu-
tational speed allows the attitude information to be provided to the
control system at a higher rate. Reference 7 analyzes the possibility
of computing separately the optimal Euler axis and angle (eop, Popt)
using the Wahba optimal definition. This led to the development of
the Euler-2 (when n = 2) and Euler-n (when n > 2) algorithms.
Euler-n evaluates the optimal Euler axis e, and the optimal Eu-
ler angle @, in two consecutive steps of an iterative procedure.
However, it turns out that it is possible to compute separately e
and ®,, when n > 2, without using iterative procedures, but this
is achieved when a different criterion for optimality of the attitude
determinationis used, as shown in the next section.

Euler-g Algorithm
As already stated, in the ideal case of no noise (8; = 0,i =
1 — n), the attitude matrix satisfies all of the Av; =s; conditions.
PremultiplyingAv; = s; by e”, with A givenby Eq. (1), the identities

elv, =e's; )

are derived. Note that Eq. (7) is a consequence of the attitude matrix
being a rotational operator, which rotates, about the axis e by the
angle —®, the overall structure of the referenced vectors v; until
it overlaps with the structure of the observed vectors s;. However,
due to errors, in the real case the conditions e’v; = e's;, which
imply e’ (v; —s;) = (v; —s;)Te = 0, do not hold anymore; there-
fore, introducing the unit vectorsd; = (v; —s;)/I|v; — s; ||, the small
differences

(Sl‘ = eri = lee (8)

arise in the real case. Let us define the loss function

Lu(e) =Y &8 =Y &e'dd e=e He ©)

i=1 i=1

where the symmetric matrix

i=1

is introduced and the relative weights &; are defined as follows.
The more the d; direction is perpendicular to the Euler axis, the
more the condition given by Eq. (7) is satisfied. The deviation of d;
from the perpendicular condition depends on the sensor errors f;;
therefore, therelative weight§;, establishingthed; relative precision,
is a function of the B; angle. Referring to the spherical triangle
identified by the directionsv;, s;, and S;, shown in Fig. 1, the worst
case for the d; directiondeviation(thatis, the B angle) occurs when
the true observed direction S; is displaced from the measured s; by
the angle §; and the spherical triangle is right in S;. In this position

Fig. 1 Error in the (v; — s;) direction.

the B angle, which represents the maximum deviation of d;, is
maximized and its value is obtained from

sinw; sin B} = sin B; (11)

where w; is the angle between the s; and v; directions. The relative
weights &; are then derived from the 8" as the «; are obtained from
the B;, that is,

1
e (1/8)

The minimization of L, (e) can be obtained by means of the
Lagrangian multiplier technique. To this end, the augmented cost
function, which includes the constraint of the Euler axis to be a unit
vector, is defined as

& (12)

Lt (e)=e"He — )(eTe — 1) (13)

The stationarity condition implies

dL*
% =2He —2)e =0 (14)
4

which leads to

He = )e (15)

Equation (15) states that the searched Euler axis is the eigenvector
of the H matrix associated with the A eigenvalue. This eigenvalue
is computed by premultiplying Eq. (15) by e”; thus,

e"He =% = Ly(e) (16)

Now, because Ly (e) has to be a minimum, the unknown X eigen-
value has to be the smallest. Therefore, the optimal Euler axis ey
is the H matrix eigenvectorassociated with its smallest eigenvalue:

Heopl = )‘-mineopl (17)

Although Eq. (17) provides the solution to the problem, the com-
plete eigenanalysisis unnecessary, as is demonstrated hereafter. In
fact, it is possible to compute A, directly from the third-order
characteristic equation of the H matrix

M+arl+br+c=0 (18)

where the a, b, and ¢ coefficients can be expressed in terms of the
H matrix elements as

a=—tl[H] = —h; —hy —hy

b = trladj(H)] = hy1hy + hithss + hashsy — h?z - h?3 - h§3

(19)
¢ = —det(H) = hyhyhsz + 2hhi3h3

— hayphiy — hyyh3y — hashi,
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Because H is symmetric, its eigenvalues are real; therefore, the
solution of the third-order Eq. (18), providing three real roots, has
to be chosen. This is accomplished®’ by setting

p*=1(a/3)*—(b/3), q=[(/2)~(@/3)*1(a/3)—(c/2) (20)

and
w= %cos_l(q/p3) 21
Then, the condition of having real roots leads to the solution
A== («/gsinw +cosw) —a/3
A2=p(«/§sinw—cosw)—a/3 22)
A3 =2pcosw —a/3

Because 0 < w < /3, it is easy to demonstrate that the various A;
computed by Eq. (22) satisfy the conditions

0<A =X =X (23)

When n = 2, the coefficient c = —det(H) = 0. In this case the
three roots of Eq. (18) become

A =—a/2—J(a2?—b o)
Ay =—aj2+ /(a2 —b

which still satisfy the conditions of Eq. (23). Hence, when n = 2,
the computation of A, is unnecessary because it results in Ay, =
)\.1 =0.

Obviously, because Ay, is very small [y, = Ly (e) = 0; see
Eq. (16)], it also can be computed in a very fast way by applying
the Newton-Raphson iterative procedure to Eq. (18) with Ao = 0 as
starting point. The first iteration implies A; = —c/b, whereas the
subsequent values can be obtained recursively by

A =0 and

A?—}—akf—}—bki-i—c

)\'i =)\-i -
! 332+ 2ah; + b

(25)

The iterative procedure converges to the solution so dramatically
thatonly one applicationof Eq. (25) implies a solutionapproximated
to 107'5. This iterative procedure has, with respect to the closed-
form solution, the double advantage of requiring fewer operations
(that is, a gain in computational speed) and avoiding the compu-
tation of square roots and inverse cosine functions [see Egs. (20—
22)], which reduce the numerical errors, because typical spaceborne
microprocessors have limited word length. However, the closed-
form solution is still suggested because it allows the computation
of (Ay — Amin) and (A3 — Anin), Which, in turn, indicate the solution
robustness as well as the distance to the singularity.

Once Ay, is computed, e,y is evaluated in an easy and fast man-
ner. To this end, let us write Eq. (17) as follows:

m!
(H - )‘-minl)eopl = Meopl = sz eopl

T
m;

m, my my

= |m, m, m,

z

€opt = 0 (26)

my m; m

z

This equation states thatall of the row vectorsof M are perpendicular
to e. Therefore, the direction of the optimal Euler axis can be com-
puted by a simple cross product between two row vectors of the M
matrix.

To maximize the accuracy, the computation of the optimal Euler
axis by means of a cross product leads to the problem of which

row vectors should be selected for computing it. To this end the
following three choices are available:

T
ey =my X my = {m,,mC - mi, mym, —m,m.,mym; — mym,,}

2
m; —mme, mgm, — my» m,m

T
e2=m3xm1={my ,—mzma}

T
2
yMps M Ny, — M My, MMy, — mx}

e; =m; X my = {mxmz —m y

27

where all of the e; are parallel and, therefore, differ from each other
only in modulus. To evaluate the e; with highest reliability, it is
necessary to identify which one has the greatest modulus. It is easy
to demonstratethat this requirementis satisfied by computing which
of

— 2 _ 2
P = |mym, _mz ) P2 = |mamc_my|

(28)

Pz = |mamh - m%
is the greatest. Let p; be the greatest; then the most reliable Euler
axis is given as

eopl = ek/“ek“ (29)

The computation of the Euler angle can be executed by performing
the derivative of Eq. (6) with respect to the Euler angle. This leads
to

8GW(eoph q)) _ (eT

50 = (eopBeop — tr[B]) sin®+z" eqpcos®=0 (30)

Therefore, the optimal Euler angle can be derived from the following
conditions:

sin @ope = (1/D)z" oy
(31)
cos Doy = (1/D)(tr[B] — e Beoy)

where

D> = (") + (irlB] — e’ Begy)’ (32)

Singularity Discussion

The computation of the Euler axis by means of a cross product
fails in two limit cases for the M row vectors: 1) when they become
parallel, which occurs either when all of the observed vectors are
parallel or thereabouts (a-singularity), or when the Euler axis and
all of the observed vectors are approximately lying on the same
plane (b-singularity); and 2) when they become zero vectors, which
occurs if ® — 0 (c-singularity).

The a-singularity, which occurs when the observed vectors are
all parallel, implies that the d; vectors are parallel as well, and
therefore the matrix H will result as if it were built using only one
vector. Such a matrix has nonnegative eigenvalues, which are the
squareroots of the singular values. Therefore, this matrix hasrank 1,
and thus A3 > 0, whereas A, — A; — 0. This singularity case cannot
be solved (even by using other existing algorithms) because it is an
intrinsically unresolvable case for attitude determination.

The b-singularity also implies that the d; vectors are parallel, and
therefore the same consequencesarise as for the a-singularity, which
are A3 > 0, whereas A, — A; — 0. Unlike the a-singularity, the b-
singularity can be solved by using additional vectors, as explained
in the next section.

Finally, the c-singularity, which occurs for ® — 0, implies that
firstA — I, thens; — v;, then (v; —s;) — 0, and finally H — 0,
whichinits turnimplies thatall of the eigenvaluesof H are tendingto
zero, thatis, A3 — Ay — A; = Oand,consequently, M — H — 0,
i.e., zero row vectors for matrix M.

To avoid the b- and c-singularities, the method of sequential ro-
tations (MSR)® can successfully be applied. MSR is a simple and
elegant solution tool that can be invokedin almost all of the singular
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Table1 Sequential rotation properties

MSR axis MSR angle w vectors B* matrix A matrix ¢ quaternion

i g ) —v@ -3 b1 —b> —b3] U =f2 =f3] {ps —p3 po —p1}’

15} g {—v() »v@) -3 [=b1 by —b3] [=fi f2 =f3] {p3s pa —p1 —p2)”

3 b {—v() —v(2) vQ3))T [=b1 —b> b3] [=fi =f> f3] {=p2 p1 pa —p3)”
Table 2 Roots difference table T

Eigenvalue

difference n=2 n>2

Ay — g (—a—ﬂ)ﬂ pr/gsinw

A3 — A \/m p(3cosw+\/§sinw)
Az — Ao (—a+\/m>/2 p(3cosw—\/§sinw)

cases encounteredin the attitude estimation algorithms subjected to
a singularity. MSR states that, if the n unit vector pairs (s;, v;) imply
the optimal attitude matrix A, then the n unit vector pairs (s;, w;),
where w; = Ry; and R is any one rotational matrix, imply the op-
timal attitude matrix F, related to A, as F = [f, f, f3] =ART.
Therefore, if the (s;, v;) data set implies a singularity for the ap-
plication method, the (s;, w;) set would not, in general, necessarily
imply a singularity too. Hence, the MSR evaluates the attitude F (or
the quaternion p) by using the rotated unit vectors w; (in place of
the v;) and then computes the searched optimal attitude matrix as
A = FR. Particular attention is given to those matrices R that rotate
about one of the coordinate axes ¢y, ¢», and ¢3 by a 7 angle. These
matrices, for which the rules given in Table 1 are valid, are

1 0 0 -1.0 0
Ri=|0 -1 0|, R=| 01 0
0 0 -1 00 -1
i (33)
-1 00
R=| 0 -1 0
0 0 1

With respect to other matrices, these save time in computations. In
fact, the application of the MSR with them does not involve extra
computationalloadsbut sign changesonly. When applying the MSR
by a & rotation about one of the coordinate axes, the computation
of the new data matrix B* is unnecessary because B* is obtained
from B = [b, b, bs] justby changing the sign of two columns; the
attitude matrix A is also obtained from F by sign changes; the opti-
mal searched quaterniong = {g; ¢, g3 g4}, associated with B, is
also obtained from the computed quaternionp = {p, p> ps ps}’,
associated with B*, by sign changes and cross displacements. All
of these properties are summarized in Table 1.

The conditions under which the MSR is invoked are related to
the values of the computed roots differences, the expressions of
which are providedin Table 2. This represents another advantage of
computing the A; by the closed-formsolutioninstead of the iterative
procedure.

The condition A, — A; > ¢, where ¢ is a small positive tolerance
to be derived from numerical tests by limiting the attitude error,
implies an optimal Euler axis sufficiently identifiable. In this case
the MSR isnotinvoked. When A, — A; < ¢,thenthe MSR isinvoked
about another axis until the condition A, — A; > ¢ is satisfied. As is
known, the condition A; — A; < ¢ identifies the c-singularity that is
solvable. Finally, when the condition A, — A; > ¢ does not occur
for all three possible sequential rotations, then it means that the
a-singularity is occurring. When this case occurs, obviously, the
attitude estimation is aborted.

Additional Vectors
The b-singularity implies that the d; vectors are parallel, and
thereforethe same consequencesarise as for the a-singularity, which
are A3 > 0, whereas A, — A; — 0. It is possible, however, to avoid

[ e

| | |

| )

| N

\ % §/s,=cos?,
L ///

Fig.2 Error in the (s; X s;) direction.

completely the b-singularity using the additional vectors, hereafter
described.

In fact, because the attitude matrix represents a rotational op-
erator, not only does each single v; describe a cone about e but
also any other vector constructed using the v;, as, for instance, the
cross products v; X v;. This means that the s; x s; vector can be
considered as an additional observed vector, whose corresponding
reference vector is v; X v;. Therefore, in the ideal case, the con-
ditions e” (s; x s;) = e (v; X v;), which imply that the directions
providedby the vectorsd;; = (v; xv; —s; x§;)/|[v; xv; —s; x5,
are perpendicularto the Euler axis, are satisfied.

Consequently, the small differences

&6 = &ye' dydje (34)

where the &;;, the expressions of which are more complicated than
that of the &;, are provided at the end of this section. Terms given
in Eq. (34) can be added to the loss function Ly (e) of Eq. (9).
These additional vectors avoid completely the occurrence of the b-
singularity. In fact, it happens that, when the directionss;, s;, and
e are lying on the same plane, the vector (v; X v; —s; X s;) is per-
pendicular to both the Euler axis and the parallel vectorsd; and d;.
When an additional vector is considered, the true D;; direction is
displaced from the observedd,; becauseS; x S; differsfroms; xs;
in both direction and modulus. The variationin direction is derived
consideringthe vector §; X §; describinga cone abouts; x s; by the
angle ﬁl.(j‘.i) . The maximum value of this angle, which is reachedin the
condition shown in Fig. 2, can be computed by the relationship

sin” ;; sin® ﬁl.(j‘.i) = sin® B; + sin® B; + 2sin B; sin B; cosy;;  (35)

where y;; is the angle between s; and s;. Equation (35) is derived
by applying known trigonometric identities to the spherical figure
identified by the s;, S;, s;, and §; directions. This means that the
vector s; X s; is displaced from $; x §; by a maximum angle of
ﬁl.(l‘.i), and therefore the d;; direction can be displaced from D;; by
the angle ﬁl.(l‘.i)*, which can be computed from the relationship

sinw;; sin ﬁl.(l‘.i)* = sin ﬁl.(j‘.i) (36)

where w;; is the angle between the s; x s; and v; X v; directions.

The contribution caused by the modulus variation ||s; x s;|| can
be considered approximately perpendicular to that caused by the
variation in direction. Referring to the triangle shown in Fig. 3,
it is possible to compute the error angle ﬁl.(;")* associated with the
lls; x s;)| variation.

In Table 3, the minimum and the maximum values for m =
lls; x s;|l = sin(y;; + B), where the variable g ranges from — g to
Bs (where B, = B; + B;), are given as a function of the value of y;;.
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Table3 ||s; X s;l| range

¥;j range m® = |is; x s;|| range
From To m&igx migi)n
0 Bs 0 sin(y;j + By)
Bs /2 — Bs S%n(yij = Bs) Sin(yij + Bs)
/2 — Bs /2 sin(y;; — Bs) 1
/2 /2 + By Sin(yij + Bs) 1
/2 + By T — B Sin(yij + Bs) S%n(yij = Bs)
T — s b4 0 sin(yij — B)
(578, )

Fig.3 Error in the (s; X 5;) modulus.

The angle 2;91.(;")*, which is the angle spanned by the vector (v; X

v; —s; x §;)during the B variation,can be evaluated from the equa-
tion

22125008 [285"] = 2 + 23 — [mG), — m{) ]2 (37)

ij max min

where

H T2 '
Z% = [mir‘lgx] + |lv; x vj||2 —2|v; x vaImi;‘l;X cos w;;

(38)
©)

min

2 '
Z% = [m ] + |lv; x vj||2 —2|v; x v,~||m£;i)n cos w;;
Once the precisionangles \"* and g"* are computed, then 8}, =
(m)% o (d)x 4 4 4

max[80"", B].

The relative weights &;;, which appeared in Eq. (34), are then
evaluated as the «; were evaluated from the 8; in Eq. (2). For in-
stance, when n = 2 and an additional vector is considered, the three

weights are

L Dpy DB DBy
where
D =1/p; +1/p; + 1/} (40)

and where B} and B; are computed using Eq. (12), whereas g7,
is evaluated using Egs. (35-38). The use of the additional vectors
can be restricted to when n =2 only (which means only one addi-
tional vector) for the following three reasons: first, because the b-
singularity is completely avoided using the MSR; second, because
the b-singularity occurrence highly decreases with #; and third, be-
cause additional vectors imply additional computationalload, espe-
cially for the relative weights &;; computation. Note, however, that
the use of the additional vectors implies a small improvement of the
solution accuracy.

Rotation Error

Any criterion used to establish the optimality of the spacecraft
attitude implies a corresponding optimal attitude matrix. Typically,
this matrix does not coincide perfectly with the true attitude matrix
describing the spacecraft orientation, and therefore any estimation
of the spacecraft attitude is affected by an error that needs quan-
tification. Because the attitude matrix is a rotational matrix, the
problem is to identify which mathematical means is apt to measure

the distance between two rotational matrices, that is, the error of an
estimation with respect to the true attitude matrices.

To this end, let T and A be the true and the estimation atti-
tude matrix, respectively. Matrix A can even be randomly chosen
provided that the conditions of being an attitude matrix are met
[ATA =1, det(A) = 1]. The problem is to evaluate numerically, in
an unambiguous manner, how far A is from 7. To that end, in the
past literature, different criteria have been introduced. One of them
is based on the computation of the Euclidean (Frobenius) norm of
the matrix SA = T — A (Ref. 5), and anotherintroduces the attitude
error vector,'® which can be considered correct only for infinites-
imal deviations between A and T. Both of these criteria calculate
quantities that, although related to the error, are not the error itself.
In the following it is shown that the attitude error, that is, the rota-
tional error, has an assigned shape that can be described by only one
parameter that is absolutely not a function of the attitude parame-
terization used.

Being the product of rotation matrices, matrix A = TA” is aro-
tation matrix as well. This matrix represents the corrective rotation
that, when applied to the estimation attitude, rotates it up to the true
attitude, thatis, AA = TATA = T. Being a rotation matrix, A has
its own Euler axis and angle (e, ®), which implies Ae = e. Post-
multiplying A = TA” by the Euler axis e, the relationship T" e =
ATe is obtained. This equation implies that an observed direction
identified by the unit vector e, in both the true and the estimated ori-
entation, has an equal corresponding reference direction. In other
words, an observed direction identified by e is errorless for the es-
timation matrix A, no matter which matrix A is chosen. On the
contrary, the directionidentified by the unit vector w, angularly sep-
arated from the Euler axis e by the angle 9, is affected by the error
€ defined by

cose = cos? ¥ (1 — cos ®) + cos ® 41)
where

cost =eTw=e"Aw, cose =w' Aw (42)
Equation (41) is derived from the isosceles spherical triangle shown
in Fig. 4, whose vertices are defined by e, w, and Aw unit vectors.
The distribution of the rotational error &, provided by Eq. (41),
implies a maximum error of ¢ = & for directions perpendicularto
the Euler axis (¢ = 7/2) and a minimum error of ¢ = 0 for those
directions parallel to the Euler axis, that is, at ¢ = 0 and 7. Thus,
because the rotation error has to satisfy the assigned shape provided
by Eq. (41), what characterizesit is its maximum value. This value,
which is the Euler angle ® of the matrix A, is also the maximum
error obtained in the direction definition. This parameter identifies
how far the matrix A is displaced from T and, therefore, describes
the attitude error. The Euler angle & of the rotation matrix A is
given by

_ tr[A]—1 _ tr[TA"] -1
2T 2
This equationis easily demonstrated because the trace of a matrix is

aninvariantwith respectto the similartransformations,and therefore
it is equal to the sum of the eigenvalues, that is,

cos ® (43)

tr[TAT] = Z A=A+ A+ A

i=1-3

Fig. 4 Attitude error
geometry.
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and the eigenvalues of a rotation matrix are A; =1, X, = cos ®
+ isin®, and A3 = cos® —i sin ®. It follows that tr[TAT] =
1+2 cos ®. Consequently,the A matrices farthest from the T matrix
imply & = m, thatis, tr[TAT] =1+ 2cos® = —1, whereas all of
the closest entail ® = 0, for which tr[TAT] = 3.

Unlike displacement, which allows an open error range (up to in-
finite), the rotation error is limited to a closed set and, furthermore,
has a predefined shape that implies a zero error along one direction
and a maximum error in the direction perpendicularto it. Based on
this rotation error definition, the next section, which is dedicated
to the accuracy tests, compares the optimal estimation matrices ob-
tained from the Wahba criterion and the proposed new one with
respect to the true attitude matrix.

Accuracy Tests

Accuracy tests have been performed on the basis of 1000 random
attitude data sets and for n ranging from 2 to 10. Each data set has
been produced as follows: 1) generation of a true attitude matrix T
using Eq. (1) by a random choice of the Euler axis e and the Euler
angle ®; 2) generation of n random precisionangles g; for the three
cases of Bmax = 0.001,0.01, and 0.1 deg (where 0 < B; < Buax);
3) generation of n random reference unit vectors v;; 4) evaluation

333

of the n true observed unit vectors §; = Tv;; 5) evaluation of the
n observed unit vectors s;, which are affected by a noise obtained
by rotating the S; by a random angle ¢;(0 < ¢; < B;,i =1 —n)
about a random axis perpendicularto S;; and 6) computation of the
relative weights «; and §; according to Eq. (2) and Egs. (11) and
(12), respectively. For each attitude data set, which consists of the n
data [§;, «;, v;, §;], the attitude estimation matrices Ay and A;,; are
obtained using the g-Method algorithm (which fully complies with
the Wahba cost function) and the Euler-g algorithm, respectively.
Then, according to Eq. (43), the errors ey and &), provided by

ew =cos™! {%(tr[TAa] - 1)}
(44)
ey =cos! {%(tr[TAa] - 1)}

are computed. Figure 5 plots the average values of the ey and ¢y
errors obtained from the tests. This plot shows that the Wahba cost
function is, on the average, better than the proposed one. However,
the precision loss, indicated by the difference ¢, — €y, decreases
as n increases and decreases as the sensor errors 8; decrease. For
instance, in the worst case of n 2, the average of the maxi-
mum attitude errors are 1) ey = 0.07 deg and &) = 0.08 deg
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for Bnax = 0.1 deg (inaccurate sensors), 2) ey = 0.006 deg and
ey = 0.007 deg for B = 0.01 deg (accurate sensors), and 3)
ew = 0.0007 deg and &), = 0.0008 deg for B,.,x = 0.001 deg (very
accurate sensors). We emphasize again that these values represent
the maximum attitude errors in the worst case of n = 2. Hence,
the Euler-¢g precision loss can be considered acceptable for many
practical applications.

Speed Tests

As was done for accuracy tests, the speed tests also were per-
formed using MATLAB!! software on a Pentium personal computer.
The index used to evaluate the algorithm computational speed is the
MATLAB flops function, which evaluates the approximate cumula-
tive number of floating pointoperations.Figure 6 shows the averages
of the speed test indices obtained by 1000 tests, n = 2-10, and for
0 < Bi < Pumax =0.1 deg. Four different optimal attitude deter-
mination algorithms have been compared with Euler-¢g (tolerance
¢ = 1072; closed-form solutions for the A;, and no additional vec-
tors used). These algorithms are 1) g-Method,> 2) QUEST? (MSR
tolerance = 1072), 3) SVD,* and 4) EAA.° Figure 6 shows Euler-q
to be the fastest algorithm for the optimal attitude estimation when
n < 8 observed vectors are available. This result confirms Euler-¢
as quite suitable for a fast optimal attitude estimation.

Conclusions

This paper presents a new cost function for computing the optimal
Euler axis that is based on the eigenaxis rotational property. The
mathematical procedure leads to a solution form that is similar to
that of the g-Method but that requires the eigenanalysisof a 3 x 3
matrix instead of a 4 x 4 one. The resulting new attitude estimation
algorithm Euler-¢ is derived in a closed-form solution. The Euler-
g singularity is avoided using the method of sequential rotations.
Then, to compare the accuracy obtained by using the Wahba optimal
definition with the proposed one, the rotation error is analyzed, and
the parameter describing it is introduced. Numerical accuracy tests
demonstrate that the new cost function describing the optimality
criterionis a little less accurate than the Wahba criterion and that the

precisionloss decreasesas the number of observed vectorsincreases
and as the accuracy of the observed vectors increases. Speed tests
show Euler-g, for a number of observed vectors fewer than eightand
with respectto the four most known attitude estimation algorithms,
to be the fastest. This result demonstrates that Euler-q is suitable
when a fast optimal attitude estimation is required, especially when
many accurate observed vectors are available, e.g., wide-field-of-
view star trackers.
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